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Abstract. We study a nonlocal AB-KdV system obtained directly from the KdV
equation to describe two-area physical event. The exact solutions of the AB-KdV
system, including PsTd invariant and PsTd symmetric breaking solutions are shown
by different methods. These solutions, such as single soliton solutions, infinitely many
singular soliton solutions, cnoidal wave solutions, and symmetry reduction solutions
etc., show the AB-KdV system possesses rich structures. Also, a special Ba¨cklund
transformation related to residual symmetry is presented via the localization of the
residual symmetry to find interactive solutions between the solitons and other types
of the AB-KdV system.
1. Introduction
2013, Mark J. Ablowitz [1] introduced a nonlinear Schro¨dinger equation
iqt(x, t) = qxx(x, t)± 2q(x, t)q∗(−x, t)q(x, t), (1)
where ∗ denotes complex conjugation and q(x, t) is a complex valued function of the
real variables x and t. Some of the important properties of the nonlocal NLS equation
eq.(1) were contrasted with the classical NLS equation where the nonlocal nonlinear
term q∗(−x, t) is replaced by q∗(x, t). They pointed out that both eq. (1) and the
classical NLS share the symmetry that when x→ −x, t→ −t and a complex conjugate
is taken, then the equation remains invariant. Thus, the new nonlocal equation is PT
symmetric.
Note that eq. (1) is invariant neither under parity P , whose effect is to make spatial
reflections, p → −p and x → −x, nor under time reversal T , which replaces p → −p,
x→ −x, and i→ −i. And there are other types of nonlocal nonlinear systems, such as
the coupled nonlocal NLS systems [2], the nonlocal modified KdV systems [3]-[4], the
discrete nonlocal NLS system [5], and the nonlocal Davey-Stewartson system [6]-[8], etc.
2PT symmetry is important in not only particle physics and quantum physics [9],
but also many other research fields in physics, such as optics [10], quantum field theory
[11], electric circuits [12]. Recently, PT -symmetric nonlocal NLS equation (1) is used to
describe the extension of properties of traditional macroscopic magnetic systems [13].
In fact, there are other possible crucial properties in particle physics, such as charge
conjugation (C), shifted-parity (Ps, parity with a shift, or x→ −x+ x0, where x0 is an
arbitrary constant), delayed time reversal (Td, time reversal with a delay, or t→ −t+t0,
where t0 is an arbitrary constant) and their possible combinations such as PT , PC, PsC,
PsTd which can be successively used to describe two-place physical problems. These
systems are named Alice-Bob (AB) systems [14] introduced by the AB-BA principle
and Ps − Td − C principle. The nonlocal NLS equation (1) can be considered as a
special type of the AB systems.
In [14], some special types of AB systems such as the KdV-KP-Toda type, mKdV-
sG type, NLS type and discrete H1 type are established from the well-known integrable
systems. Contrasted to the nonlocal NLS equation (1) solved by inverse scatting method,
some special Ps − Td −C group invariant multi-soliton solutions of the AB systems are
obtained by using the Ps − Td − C principle. Furthermore, in [15] Lou established a
general AB-KdV equation and obtained many types of PsTd invariant solutions of the
general AB-KdV equation, such as the Painleve´ II reduction and soliton-cnoidal periodic
wave interaction solutions.
Except for the PsTd invariant solutions, there exist other types of multiple soliton
solutions of PsTd symmetry breaking for different AB models. A special PsTd symmetry
breaking solution for AB-KdV equation is listed in [15].
Hence, two quite relevant questions arise: are there any more possible PsTd
symmetry breaking solutions for the AB systems? How can we find the solutions?
The main purpose of our manuscript is to resolve the issues.
In this manuscript, we construct a special AB-KdV system with the PsTd principle
and find the exact solutions, including PsTd invariant and PsTd symmetric breaking
solutions of the AB-KdV system. The PsTd invariant solutions are obtained by using
the Ps − Td − C principle, while the PsTd symmetric breaking solutions are solved by
the help of a coupled KdV system. We also find the Ba¨cklund transformation related to
residual symmetry via the localization of the residual symmetry which can be used to
find interactive solutions between the solitons and other types of the AB-KdV system.
2. An AB-KdV Equation
In this manuscript, we mainly discuss the following AB-KdV equation
At + Axxx + 3(A+B)(Bx + 3Ax) = 0,
B = PˆsTˆdA = A(−x+ x0,−t+ t0). (2)
3The AB-KdV equation is established as follows [15]. Substituting u = 1
2
(A + B) into
the common KdV equation
ut + 24uux + uxxx = 0, (3)
we have
At +Bt + Axxx +Bxxx + 12(A+ B)(Ax
+Bx) = 0, (4)
which can be split into two equations
At + Axxx + 3(A+B)(Bx + 3Ax) +G(A, B) = 0, (5)
Bt +Bxxx + 3(A+B)(Ax + 3Bx)−G(A, B) = 0, (6)
with G(A, B) may be an arbitrary function of A and B. As B is related to A by
B = PˆsTˆdA = A(−x + x0,−t + t0), we can see PˆsTˆd acted on the equation (6) lead to
the compatibility condition
G(A, B) = PˆsTˆdG(A, B),
which means the arbitrary function G(A, B) should be PsTd invariant. There are
numerous functions satisfying PsTd invariant. But for simplicity, we take G(A, B) is
zero and the equations (5)- (6) are reduced to one equation (2).
3. Group invariant solutions of the AB-KdV equation
The AB-KdV system (2) is directly derived from the common KdV equation (3), so
all the PsTd invariant solutions of the KdV equation (3) are also solutions of the AB-
KdV system (2). Various exact solutions of the KdV equation (3) have been studied
in literature. Thus we can use those known solutions to select out the PsTd invariant
solutions for the AB-KdV system (2). Here we list three special significant examples.
3.1. PsTd-invariant multi-soliton solutions of the AB-KdV equation
For the KdV equation (3), it is well known multiple soliton solutions possesses the form
[16]
u =
1
2
(lnF )xx, (7)
F =
∑
ν
exp

 N∑
j=1
νjξj +
N∑
1≤j≤l
νjνlθjl

 , (8)
where the summation of ν should be done for all permutations of νi = 0, 1, i = 1, 2, · · · , N
and
ξj = kjx− k3j t+ ξ0j , exp(θjl) =
(
kj − kl
kj + kl
)2
. (9)
4The solution (7) and (8) is not PsTd group invariant. KdV equation (3) is space-time
translation invariant which makes every soliton being located at anywhere ξ0j . To discuss
the PsTd group invariant solutions of the AB-KdV equation (2), we rewrite the solutions
of (9) as
ξj = ηj + η0j − 1
2
j−1∑
i=1
θij − 1
2
N∑
i=j+1
θji, (10)
with ηj being
ηj = kj(x− 1
2
x0)− k3j (t−
1
2
t0) + η0j , (11)
then the N -soliton solutions of the KdV equation (3) is
u =
1
2

ln ∑
ν=−1,1
Kν cosh

1
2
N∑
j=1
νjηj




xx
, (12)
where the summation of ν = {ν1, ν2, · · · , νN} should be done for all non-dual
permutations of i = 1, 2, · · · , N and
Kν =
∏
i>j
(ki − νiνjkj). (13)
From the expression (12), it is easy to see that
A
PsTd
η0j=0
= PˆsTˆdAη0j=0 = Aη0j=0. (14)
Then the multiple soliton solutions Aη0j=0 presents the PsTd group invariant solutions
of the AB-KdV equation (2).
3.2. PsTd-invariant symmetry reduction solution of the AB-KdV equation
The KdV equation (3) possesses a special symmetry reduction
u = t−
2
3U(ξ)2, ξ = t−
1
3x, (15)
where U = U(ξ) satifies
3UUξξξ − U2 + 9UξUξξ + 72U3Uξ − ξUUξ = 0. (16)
In order to satisfy PsTd invariant condition for the AB-KdV system (2), we have to
rewrite the function U and ξ of the symmetry reduction (15)-(16) of the KdV equation
(3), so that the symmetry reduction of the AB-KdV system (2) is
A =
(
t− t0
2
)− 2
3
U1(ξ1)
2,
ξ1 =
(
x− x0
2
)(
t− t0
2
)− 1
3
, (17)
where U1(ξ1) is a solution of
3U1U1ξξξ − U21 + 9U1ξ1U1ξ1ξ1 + 72U31U1ξ1
− ξ1U1Uξ1 = 0. (18)
53.3. PsTd-invariant soliton-cnoidal wave interaction solutions of the AB-KdV equation
The KdV equation (3) has a soliton-cnoidal periodic wave interaction solution [17]
u = − 1
2
w2x tanh(w)
2 +
1
2
wxx tanh(w) +
1
3
w2x −
1
6
wxxx
wx
− 1
24
wx
wt
+
1
8
w2xx
w2x
, (19)
w =
1
2
arctanh(msn(k(x− c2t), m))
+
1
2
k(x− c1t), (20)
k =
√
c1 − c2
2(1−m2) , (21)
with arbitrary constants c1, c2 and m.
So the PsTd invariant soliton-cnoidal periodic wave interaction solution of the AB-
KdV system (2) is
A = − 1
2
w21x tanh(w1)
2 +
1
2
w1xx tanh(w1) +
1
3
w21x
− 1
6
w1xxx
w1x
− 1
24
w1x
w1t
+
1
8
w21xx
w21x
, (22)
w1 =
1
2
kξ1 +
1
2
arctanh(msn(kξ2, m)),
k =
√
c1 − c2
2(1−m2) , (23)
ξ1 =
(
x− x0
2
)
− c1
(
t− t0
2
)
,
ξ1 =
(
x− x0
2
)
− c2
(
t− t0
2
)
, (24)
with arbitrary constants c1, c2 and m.
4. PsTd Symmetry Breaking Solutions of the AB-KdV System
In section III, many PsTd-invariant solutions of the AB-KdV system (2), including
multiple soliton solutions, PsTd-invariant symmetry reduction solutions and soliton-
cnoidal wave interaction solutions are found. Then our question is, how to find PsTd
symmetry breaking solutions of the AB-KdV system? It is also interesting but difficult
to find PsTd symmetry breaking solutions.
In order to obtain the PsTd symmetry breaking soliton solutions of the AB-KdV
system (2), we start from a coupled KdV system
ut + uxxx + 3(u+ v)(vx + 3ux) = 0, (25)
vt + vxxx + 3(u+ v)(ux + 3vx) = 0, (26)
6with u = u(x, t) and v = v(x, t) being a normal coupled KdV system. Compared
the cKdV system (25)-(26) with the AB-KdV system (2), we know if v is replaced by
u(−x, −t), the coupled KdV system (25) will be reduced to one equation
ut + uxxx + 3[u+ u(−x,−t)][u(−x,−t)x
+ 3ux] = 0, (27)
which is a special case of the AB-KdV system (2) with x0 = t0 = 0. It implies that
looking for the exact solutions of the AB-KdV equation (2) is equivalent to find the
solutions of the coupled KdV equation (25)-(26). The solutions of the cKdV system
(25)-(26) may be changed to those of the AB-KdV (2) by using v = u(−x,−t) due to
the PsTd symmetric invariant of the AB-KdV equation (2).
In this section, we will show details on how to obtain the PsTd symmetric breaking
solutions of the AB-KdV system (2), including single soliton solutions, singular soliton
solutions and cnoidal wave solutions with the help of the coupled KdV system (25)-
(26).
4.1. single soliton solutions of the AB-KdV equation
To find the single soliton solutions of the cKdV system (25)-(26), by means of the tanh
function expansion approach, we assume the single soliton solution of the cKdV system
(25)-(26) has the form [18]
u = a0 + a1 tanh(kx+ ct) + a2 tanh(kx+ ct)
2,
v = b0 + b1 tanh(kx+ ct) + b2 tanh(kx+ ct)
2. (28)
Substituting (28) into the cKdV system (25)-(26) and vanishing all the coefficients of
tanh(kx + ct)i for i, then determining the arbitrary constant a0, a1, b0, b1 and c, the
single soliton solution of the the cKdV system (25)-(26) reads as
u = a1 tanh(kx− 4k3t)− 1
2
k2 tanh(kx− 4k3t)2
+ k2 − b0,
v = −a1 tanh(kx− 4k3t)− 1
2
k2 tanh(kx− 4k3t)2
+ b0, (29)
where a1 and b0 are arbitrary constant.
Now we consider the AB-KdV equation (2) where B is linked to A with B =
PˆsTˆdA = A(−x + x0, −t + t0). If x0 = t0 = 0, B is linked to A with B = A(−x, −t).
Letting v = u(−x, −t) in the single soliton solution (29) of the cKdV system (25)- (26),
we have
u(−x,−t) = − a1 tanh(kx− 4k3t)
− 1
2
k2 tanh(kx− 4k3t)2 + b0. (30)
7It can be easily found that k2 − b0 should be equal to b0 which means b0 is fixed as
b0 =
k2
2
. So the single soliton solution of AB-KdV equation (2) is
A =
k2
2
+ a1 tanh(w)− 1
2
k2 tanh(w)2,
w = k
(
x− x0
2
)
− 4k3
(
t− t0
2
)
, (31)
with a1 being arbitrary constant.
The single soliton solution (31) is PsTd symmetric breaking because of the existence
of tanh(w) term which makes PˆsTˆdA 6= A, so the single soliton solution (31) of the AB-
KdV system (2) is PsTd symmetric breaking solution.
4.2. infinitely many singular soliton solutions
Furthermore, we try to discuss the infinitely many soliton solutions of the cKdV equation
(25)-(26) by substituting
u = a1U(η, t)− 1
2
k2η2 + k2 − b0,
v = −a1V (η, t)− 1
2
k2η2 + b0, (32)
where η ≡ tanh(kx − 4k3t) into the cKdV system (25)-(26) to determine the functions
U(η, t) and V (η, t). The determined equations of U(η, t) and V (η, t) are
Ut = 3k(η
2 − 1)[3U + 3V + k2(η2 − 1)]Uη
+ 3k(η2 − 1)[U + V + k2(η2 − 1)]Vη
+ 6ηk3(η2 − 1)2Uηη + k3(η2 − 1)3Uηηη
− 12ηk3(η2 − 1)(U + V ),
Vt = 3k(η
2 − 1)[3U + 3V + k2(η2 − 1)]Vη
+ 3k(η2 − 1)[U + V + k2(η2 − 1)]Uη
+ 6ηk3(η2 − 1)2Vηη + k3(η2 − 1)3Vηηη
− 12ηk3(η2 − 1)(U + V ). (33)
Once the system (33) is solved, we can obtain the exact solutions of the cKdV equation
(25)-(26). Here we don’t show it in detail.
To present the infinitely many soliton solutions of the AB-KdV equation (2), we
also require the functions satisfy U(η, t) = −V (η, t), then the coupled system of U(η, t)
and V (η, t) (33) is reduced to a linear one equation
Vt = 6k
3η(η2 − 1)2Vηη + k3(η2 − 1)3Vηηη, (34)
which can be solved by means of the variable separation approach. A special solution
of (34) is
V =
N∑
i=1
ai
{(
1− η
1 + η
)ci
(η + ci)exp
[
8cik
3(c2i − 1)t
]
8+
(
1− η
1 + η
)−ci
(η − ci)exp[−8cik3(c2i − 1)t]


+ c01η, (35)
with ai, ci and c01 being arbitrary constant.
As U(η, t) and V (η, t) are known, using the ansatz v = u(−x, −t) in (32), we
obtain the infinitely many soliton solution of the AB-KdV equation (2)
A =
N∑
i=1
[(
1− η1
1 + η1
)ci
(η1 + ci)exp[8cik
3(c2i − 1)t]
+
(
1− η1
1 + η1
)−ci
(η1 − ci)exp[−8cik3(c2i − 1)t]


+ c01η1 − 1
2
k2η21 +
1
2
k2,
η1 = tanh
[
k
(
x− x0
2
)
− 4k3
(
t− t0
2
)]
. (36)
It is interesting that the solution (36) is not only singularity, but also PsTd symmetric
breaking because the existence of c01η1.
4.3. cnoidal wave solutions
Except for the soliton solutions, we can also try to explore the cnoidal wave solutions of
the cKdV system (25)-(26) and AB-KdV equation (2). Like the procedure of searching
for soliton solutions, we first consider the cnoidal wave solutions of the cKdV system
(25)-(26), then try to find the connections between the cKdV system and AB-KdV
equation, and apply the relationship to present the solutions of the AB-KdV equation.
Using the elliptic function expansion method, it is natural to assume the cKdV
system (25)-(26) possesses the cnoidal wave solution in Jacobi elliptic function form [19]
u = a0 + a1sn(kx+ ct,m) + a2sn(kx+ ct,m)
2,
v = b0 + b1sn(kx+ ct,m) + b2sn(kx+ ct,m)
2, (37)
where a0, a1 b0, b1 and c are constant to be determined. Substituting (37) into the cKdV
system (25)-(26) and vanishing all the coefficients of sn(kx+ ct,m)i for different i, the
exact solutions of (25)-(26) can be read as
u = a1sn[kx− 2k3(m2 + 1)t,m]
− 1
2
k2sn[kx− 2k3(m2 + 1)t,m]2 + a0,
v = −a1sn[kx− 2k3(m2 + 1)t,m]
− 1
2
k2sn[kx− 2k3(m2 + 1)t,m]2
+
1
2
k2m2 +
1
2
k2 − a0, (38)
with a0 and a1 being arbitrary constant.
9To obtain the exact solutions of the AB-KdV equation (2), we can let v = u(−x,−t)
in the cKdV system (25)-(26) which makes cKdV system (26) reduce to a sepcial AB-
KdV equation (2) with B linked with A in the form of B = A(−x, −t). Letting
v = u(−x,−t) in (38) leads to
a0 =
1
2
k2m2 +
1
2
k2 − a0, (39)
which means a0 should be determined as
a0 =
1
4
k2m2 +
1
4
k2. (40)
Then the corresponding cnoidal wave solution of AB-KdV equation (2) is
A = a1ζ − 1
2
k2ζ2 +
1
4
k2m2 +
1
4
k2,
ζ = sn
[
k
(
x− x0
2
)
− 2k3(m2 + 1)
(
t− t0
2
)
, m
]
, (41)
with a1, k and m being arbitrary constant. The cnoidal wave solution (41) of the
AB-KdV system (2) in Jacobi elliptic form is also anti-PsTd symmetric.
4.4. Infinitely many periodic wave solutions
In order to obtain the infinitely many periodic wave solutions of the AB-KdV equation,
we try to find the infinitely many periodic solutions of the cKdV equation (25)-(26)
first. Substituting
u = F (ω, t)− 1
2
k2m2ω2 + a0,
v = G(ω, t)− 1
2
k2m2ω2 +
1
2
k2m2 +
1
2
k2 − a0, (42)
where ω ≡ sn[kx − 2k3(m2 + 1)t,m], F (ω, t) and G(ω, t) are the functions of (ω, t)
into the cKdV equation (25)-(26), we can find the determining equations of F (ω, t) and
G(ω, t) read as
Ft = −3
2
z0k(6F + 6G+ k
2z1)Fω − 3
2
z0k(2F + 2G
+ k2z1)Gω − 3z0z1k3ωFωω − k3z30Fωωω
+ 12z0ωm
2k3(F +G),
Gt = −3
2
z0k(6F + 6G+ k
2z1)Gω − 3
2
z0k(2F + 2G
+ k2z1)Fω − 3z0z1k3ωGωω − k3z30Gωωω
+ 12z0ωm
2k3(F +G), (43)
with
z0 =
√
1− ω2
√
1−m2ω2,
z1 = m
2 − 2m2ω2 + 1. (44)
To search for the solutions of F (ω, t) and G(ω, t) of (43) with (44), it is natural to
assume the simplest relation of F and G satisfying F (ω, t) = −G(ω, t)+H(ω, t) for any
10
given solutions of H(ω, t). Under the condition of F (ω, t) = −G(ω, t) + H(ω, t), the
determining equations (43) become
Ht = − 3z0k(4H + k2z1)Hω − 3z0z1k3ωHωω − k3z30Hωωω
+ 24z0ωm
2k3H, (45)
and especially for the G part, the equation is
Gt = − 3
2
z0k(2H + z1)Hω − 6kz0HGω − 3z0z1ωk3Gωω
− k3z30Gωωω + 12z0ωm2k3H, (46)
which is a linear one for G with z0 and z1 satisfying (44). Eqs. (45) and (46) are
still difficult to solve, but we know the equation (45) possesses a special solution of
H(ω, t) = 0, and then the G part equation is
Gt = −3z0z1ωk3Gωω − k3z30Gωωω, (47)
which can be solved by means of the variable separation approach. A special solution
of (47) is
G =
C1ω
m2 − 1EllipticF(ω,m) +
C1(m
2 + 1)ω
(m2 − 1)2 EllipticE(ω,m)
+
C1(m
2 + 1)
(m2 − 1)2
√
(1− ω2)(1−m2ω2) + C2ω + C3, (48)
where EllipticF(ω,m) and EllipticE(ω,m) are incomplete elliptic integrals of the first
kind and second kind respectively, defined as
EllipticF(ω,m) =
∫ ω
0
1√
1− t2√1−m2t2dt,
EllipticE(ω,m) =
∫ ω
0
√
1−m2t2√
1− t2 dt,
and C1, C2 and C3 are arbitrary constance. When G is solved, we can obtain F by
F = −G, then the infinitely many periodic wave solutions of the cKdV equation (25)-
(26) are obtained.
As the exact solutions of the cKdV equation (25)-(26) are obtained, we can rewrite
the solutions to satisfy the AB-KdV system by v = u(−x,−t). Here we write down the
results.
The AB-KdV system possesses the infinitely many periodic wave solutions as follow
u = −G1(ω1, t) +H1(ω1, t)− 1
2
k2m2ω21 +
1
4
k2m2 +
1
4
k2,
v = G1(ω1, t)− 1
2
k2m2ω1 +
1
4
k2m2 +
1
4
k2,
ω1 = sn
[
k
(
x− x0
2
)
− 2k3(m2 + 1)
(
t− t0
2
)
, m
]
, (49)
with G1(ω1, t) and H1(ω1, t) satisfying
H1t = −3z0k(4H1 + k2z1)H1ω1 − 3z0z1k3ωH1ω1ω1
− k3z30H1ω1ω1ω1 + 24z0ω1m2k3H1, (50)
11
G1t = − 3
2
z0k(2H1 + z1)H1ω1 − 6kz0H1G1ω1
− 3z0z1ω1k3Gω1ω1 − k3z30G1ω1ω1ω1
+ 12z0ω1m
2k3H1. (51)
We believe that there are possible more soliton solutions and periodic wave solutions
with (50) and (51).
A special solution of the AB-KdV system is
u = −G1(ω1, t)− 1
2
k2m2ω21 +
1
4
k2m2 +
1
4
k2,
v = G1(ω1, t)− 1
2
k2m2ω1 +
1
4
k2m2 +
1
4
k2,
ω1 = sn
[
k
(
x− x0
2
)
− 2k3(m2 + 1)
(
t− t0
2
)
, m
]
, (52)
and G1 is the solution of
G1t = −3z0z1ω1k3G1ω1ω1 − k3z30G1ω1ω1ω1 , (53)
and
z0 =
√
1− ω21
√
1−m2ω21,
z1 = m
2 − 2m2ω2 + 1. (54)
We should mention that all the anti-symmetric solutions of (53) and (54) lead to the
PsTd symmetry breaking solutions of the AB-KdV system (2).
5. Lie Point Symmetry and Symmetry Reduction
The knowledge of the symmetries is very useful to enhance our understanding of
complex physical phenomena, to simplify and even completely solve the complicated
problems. Furthermore, the study of symmetries has been manifested as one of the
most important and powerful methods in almost every branch of science especially in
physics and mathematics. It is particularly fundamental to find the symmetries of a
nonlinear equation in the development of the theory of the integrable systems because
of the existence of infinitely many symmetries [20]- [22]. Recent studies show that
symmetry reduction approach with nonlocal symmetries and residual symmetries has
been successfully used to find some types of interaction solutions of nonlinear excitations
for a number of integrable system [23]- [25]. In this section, we will discuss the Lie point
symmetry and symmetry reduction solutions of the AB-KdV equation (2) with the help
of the cKdV system (25)-(26).
A symmetry, σ is defined by a solution of its linearized equation. For the cKdV
system (25)-(26), its symmetries are solutions of
σut + σ
u
xxx + 3(σ
u + σv)(vx + 3ux) + 3(u
+ v)(σvx + 3σ
u
x) = 0,
σvt + σ
v
xxx + 3(σ
u + σv)(ux + 3vx) + 3(u
+ v)(σux + 3σ
v
x) = 0. (55)
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That means the cKdV system (25)-(26) is form-invariant under the transformation(
u
v
)
→
(
u+ ǫσu
v + ǫσv
)
, (56)
where ǫ is an infinitesimal parameter.
The generalized Lie point symmetries of the cKdV system (25)-(26) possess the
form (
σu
σv
)
= X(x, t, u, v)
(
ux
vx
)
+ T (x, t, u, v)
(
ut
vt
)
−
(
U(x, t, u, v)
V (x, t, u, v)
)
, (57)
where X(x, t, u, v), T (x, t, u, v), U(x, t, u, v) and V (x, t, u, v) are the functions of the
indicated variables.
Substituting (90) into the symmetry definition (55) and using the cKdV system
(25)-(26) to eliminate nonindependent quantities, ut and vt, we can get a set of
determining equations for X , T , U and V . Solving the determining equation system,
the Lie point symmetry can be obtained. Here we list the results. The cKdV system
(25)-(26) possesses the Lie point symmetries
σu = (c1x+ c2)ux + (3c1t+ c3)ut + (2c1 + c4)u
− c4v − c0,
σv = (c1x+ c2)vx + (3c1t+ c3)ut + (2c1 + c4)v
− c4u+ c0, (58)
where ci, i = 0, 1, 2, 3, 4 are arbitrary constants.
To find symmetry reductions of a nonlinear system means to find the group invariant
solutions which is guaranteed by σu = σv = 0,
0 = (c1x+ c2)ux + (3c1t+ c3)ut + (2c1 + c4)u
− c4v − c0,
0 = (c1x+ c2)vx + (3c1t + c3)ut + (2c1 + c4)v
− c4u+ c0. (59)
Solving the group invariant conditions (59) and the cKdV system (25)-(26), we can get
the symmetry reduction solutions. Here we just list a special reduction solution because
we aim to find the symmetry reductions of the AB-KdV system (2).
If {U(ξ), V (ξ)} is the solution of the reduction equation
Uξξξ =
(
1
3
ξ − 6V
)
Uξ − dU,
Vξξξ =
(
1
3
ξ − 12V
)
Vξ +
2
3
V, (60)
then
u = tdU +
1
2
t−
2
3V + C0,
v = −tdU + 1
2
t−
2
3V − C0, (61)
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is a solution of the cKdV system (25)-(26), where d and C0 are arbitrary constants with
the independent variable ξ = xt−
1
3 .
Now we have obtained the symmetry reduction (60) and (61) of the cKdV system
(25)-(26), it is natural for us to utilize the results of cKdV system (25)-(26) to the AB-
KdV equation (2) by assuming v = u(−x,−t). And we should keep the PsTd invariant of
the symmetry reduction to satisfy the AB-KdV equation (2). So the symmetry reduction
solution of the AB-KdV equation (2) can be stated in the following theorem.
Theorem 1 (Symmetry reduction theorem of the AB-KdV system (2)). If
{U1(ξ1), V1(ξ1)} is a solution of the reduction equation
U1ξ1ξ1ξ1 =
(
1
3
ξ1 − 6V1
)
U1ξ1 −
2n + 1
2m+ 1
U1,
V1ξ1ξ1ξ1 =
(
1
3
ξ1 − 12V1
)
V1ξ1 +
2
3
V1, (62)
then
A =
(
t− t0
2
) 2n+1
2m+1
U1 +
1
2
(
t− t0
2
)− 2
3
V1,
ξ1 =
(
x− x0
2
)(
t− t0
2
)− 1
3
, (63)
with m and n being arbitrary constants, is a solution of the AB-KdV equation (2).
We should point out that the reduction (62) and (63) solution has rich and various
structures due to the arbitrary constants m and n. For example, the reduction equation
(62) has a zero solution of V1 = 0, with the function U1 satisfying
U1ξ1ξ1ξ1 =
1
3
ξ1U1ξ1 −
2n+ 1
2m+ 1
U1, (64)
which has many types of solutions due to the different choice of m and n. For simplicity,
we list two examples.
Example 1. If we take m = n = 0, then
U1 = C1(ξ
3
1 − 6), ξ1 =
(
x− x0
2
)(
t− t0
2
)− 1
3
, (65)
with C1 being arbitrary constant is the polynomial of ξ1. Substituting (65) and V1 = 0
into (63), we can find the AB-KdV equation (2) possesses a PsTd symmetry breaking
polynomial solution
A =
(
x− x0
2
)3
− 6C1
(
t− t0
2
)
. (66)
Example 2. If we take m = 0, n = −1, then
U1 = C2ξ
3
2
1 Γ
(
2
3
)
J− 1
3
(
2
√
3
9
ξ
3
2
1
)
,
ξ1 =
(
x− x0
2
)(
t− t0
2
)− 1
3
, (67)
where Γ
(
2
3
)
is the indicated Γ function and J− 1
3
(
2
√
3
9
ξ
3
2
1
)
is the Bessel function, and C2
is arbitrary constant. Substituting (67) and V1 = 0 into (63), we can find the AB-KdV
equation (2) has a PsTd Bessel solution. Here we don’t show it in detail.
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6. Ba¨cklund transformation of the AB-KdV system related to residual
symmetry
Residual symmetries have been successfully used to find some types of interaction
solutions of nonlinear excitations. Further more, according to the results of the
symmetry reductions with nonlocal symmetries, nonlocal residual symmetries can be
used to find the Darboux transformations and Ba¨cklund transformations for some
nonlinear systems [23]. In this section, we discuss the residual nonlocal symmetries of the
cKdV system (25)-(26), then localize the obtained nonlocal symmetries by introducing
an enlarged system to provide the nonlocal symmetries related Ba¨cklund transformation.
At last, we will try to apply the known results to the AB-KdV equation (2).
6.1. Ba¨cklund transformation theorem related to residual symmetry of the cKdV system
The key point to find residual symmetries is to find the truncated Painleve´ expansion
of the system. For the cKdV equation (25)-(26), its truncated Painleve´ expansion has
the form
u =
u0
f 2
+
u1
f
+ u2, v =
v0
f 2
+
v1
f
+ v2, (68)
where the function f is the singularity manifold, and the functions u0, u1, u2, v0, v1 and
v2 are related to the derivatives of f and should be determined by substituting (68) into
(25)-(26) and vanishing the coefficients of f i for different i.
Substituting (68) into the cKdV equation (25)-(26), and vanishing the coefficients
of f i for different i, we can obtain u0, u1, u2, v0, v1 and v2
u0 = −1
2
f 2x , (69)
u1 =
1
2
fxx + q, (70)
u2 = −1
8
fxxx
fx
+
1
16
f 2xx
f 2x
+ r − 1
24
λ, (71)
v0 = −1
2
f 2x , (72)
v1 =
1
2
fxx − q, (73)
v2 = −1
8
fxxx
fx
+
1
16
f 2xx
f 2x
− r − 1
24
λ, (74)
where q and r satisfy the following equations
qxx = −fxrx + fxxqx
fx
− 1
2
ft
fx
q +
1
3
λq, (75)
qt = 2fxrxx − 2fxxrx + 2
3
λqx − λqfxx
3
+
fxtq
fx
, (76)
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rt = −rxxx + 2λrx − 3
2
ftrx
fx
+
3
2
f 2xxrx
f 2x
, (77)
with λ being an arbitrary constant and f being a solution of the Shwarzian KdV equation
[17]
ft = −fxxx + 3
2
f 2xx
fx
+ λfx. (78)
Now the truncated Painleve´ expansion has been given. It can be proved that
{u1, v1} in the truncated Painleve´ expansion (68) is a symmetry with respect to
the solution {u2, v2} of the cKdV system (25)-(26) which is called residue symmetry
[23] related to Darboux transformations (DTs) and Ba¨cklund transformations (BTs).
Furthermore, the function f , fx and fxx is linked with {u, v} non-locally via (71) and
(74). The symmetry {u1, v1} is nonlocal. We can verify it it true by substituting
σu = u1 and σ
v = v1 with the solution {u2, v2} of the cKdV system (25)-(26) into the
symmetry definition equation (55), where q, r and f satisfy the equations (75)-(78),
with λ being an arbitrary constant.
Since {u1, v1} is a non-local symmetry related to DTs and BTs, one can naturally
believe that it can be localized to a Lie point symmetry such that we can use the initial
value problem to link two solutions of the cKdV system (25)-(26) due to the Lie’s first
principle. To localization the nonlocal symmetry {u1, v1}, we enlarge the cKdV system
(25)-(26) into the following system
ut + uxxx + 3(u+ v)(vx + 3ux) = 0, (79)
vt + vxxx + 3(u+ v)(ux + 3vx) = 0, (80)
ft = −fxxx + 3
2
f 2xx
fx
+ λfx, (81)
f1 = fx, (82)
f2 = f1x, (83)
qt = 2fxrxx − 2fxxrx + 2
3
λqx − λqfxx
3
+
fxtq
fx
, (84)
qxx = −fxrx + fxxqx
fx
− 1
2
ft
fx
q +
1
3
λq, (85)
rt = −rxxx + 2λrx − 3
2
ftrx
fx
+
3
2
f 2xxrx
f 2x
, (86)
u = −1
8
fxxx
fx
+
1
16
f 2xx
f 2x
+ r − 1
24
λ, (87)
v = −1
8
fxxx
fx
+
1
16
f 2xx
f 2x
− r − 1
24
λ, (88)
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sxx =
fxxsx
fx
+
(
1
2
fxxx
fx
− 3
4
f 2xx
f 2x
− 1
6
λ
)
s
+ 4fx(frx − qx). (89)
That means we have to solve the symmetry definition equations
σut + σ
u
xxx + 3(σ
u + σv)(vx + 3ux) + 3(u
+ v)(σvx + 3σ
u
x) = 0, (90)
σvt + σ
v
xxx + 3(σ
u + σv)(ux + 3vx) + 3(u
+ v)(σux + 3σ
v
x) = 0, (91)
σfx(fxfxxx + fxft − 3f 2xx)− fx(fxσfxxx + fxσft
− 3fxxσfxx) = 0, (92)
σf1 − σfx = 0, (93)
σf2 − σf1x = 0, (94)
3fxt(fxσ
q − σfxq) + 2fxx(λqσfx − λσqf2 − 6f 2xσrx)
+ 12f 2xrxxσ
f
x + 3qfxσ
f
xt − 2σfxx(λqfx + 6rxf 2x)
+ 12f 3xσ
r
xx + 2f
2
x(2λσ
q
x − 3σqt ) = 0, (95)
3ftqσ
f
x − 12f 3xσrx − 2f 2x(λq + 6σfxrx + 3σqxx)− 3fx(σqft
+ qσf − 2fxxσqx − 2qxσfxx)− 6fxxqxσfx = 0, (96)
f 3x(4λσ
r
x − 2σrt − 2σrxxx)− 3f 2x(σrxft + σrt rx) + 3f3f 2xxσ
+ 3fxrt(ftσ
f
x + 2fxxσ
f
xx)− 6f 2xxrxσfx = 0, (97)
f 2xxσ
f
x + σ
f
xxxf
2
x − fx(σfxxfxx + σfxfxxx)
+ 8f 3x(σ
u − σr) = 0, (98)
f 2xxσ
f
x + σ
f
xxxf
2
x − fx(σfxxfxx + σfxfxxx)
+ 8f 3x(σ
v + σr) = 0, (99)
6σs(fxfxxx − 3f 2xx)− 12fxσf(4f 2xfrx − 4f 2xqx − sxfxx)
− 6s(fxσfxxx − 3fxxσfxx) + σsfx(2λf 2x − 6fxfxxx
+ 9f 2xx)− 12f 2x(4ff 2xσrx + 4f 2xrxσf − 4f 2xσqx
− σsxxfx + σsxfxx + sxσfxx) = 0, (100)
which are the linearized equations of the system (79)-(89). It is not difficult to verify
that the corresponding localized Lie point symmetry of (79)-(89) has the form
σu =
1
2
f2 + q, σ
v =
1
2
f2 − q, σf = −f 2,
σf1 = −2ff1, σf2 = −2ff2 − 2f 21 , σq = s,
σs = −3sf, σr = q. (101)
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The result tells us that the nonlocal symmetry of the cKdV system (25)-(26)
becomes a Lie point symmetry for the enlarged system (79)-(89).
Whence a nonlocal symmetry is localized, it can be used to find its finite
transformations and the related symmetry reductions. Here we just write down
the Ba¨cklund transformation theorem of the cKdV system (25)-(26) with finite
transformations related to the initial value problem. And the corresponding symmetry
reductions related to the nonlocal symmetry (101) will be discussed in another
manuscript.
Theorem 2 (Ba¨cklund transformation theorem of the cKdV system (25)-(26)).
If {u, v, f, f1, f2, q, r, s} is a solution of the enlarged system (79)-(89), so
{u′, v′, f ′, f ′1, f ′2, q′, r′, s′} is a group invariant solution with
u′ = − ǫ
2f 21
2(1 + ǫf)2
+
ǫf2
2(1 + ǫf)
+
ǫ2s
2(1 + ǫf)
+ ǫq + u,
v′ = − ǫ
2f 21
2(1 + ǫf)2
+
ǫf2
2(1 + ǫf)
− ǫ
2s
2(1 + ǫf)
− ǫq + v,
f ′ =
f
1 + ǫf
f ′1 =
f1
(1 + ǫf)2
,
f ′2 =
f2
(1 + ǫf)2
− 2ǫf
2
1
(1 + ǫf)3
,
q′ =
ǫ(2 + ǫf)s
2(1 + ǫf)2
+ q,
s′ =
s
(1 + ǫf)3
,
r′ =
ǫ2s
2(1 + ǫf)
+ ǫq + r. (102)
The theorem 2 can be proved by solving the following initial value problem,
du′(ǫ)
dǫ
=
1
2
f ′2(ǫ) + q
′(ǫ), u′(0) = u,
dv′(ǫ)
dǫ
=
1
2
f ′2(ǫ)− q′(ǫ), v′(0) = v,
df ′(ǫ)
dǫ
= −f ′(ǫ)2, f ′(0) = f,
df ′1(ǫ)
dǫ
= −2f ′(ǫ)f ′1(ǫ), f ′1(0) = f1,
df ′2(ǫ)
dǫ
= −2f ′(ǫ)f ′2(ǫ)− 2f ′1(ǫ)2, f ′2(0) = f2,
dq′(ǫ)
dǫ
= s′(ǫ), q′(0) = s,
ds′(ǫ)
dǫ
= −3s′(ǫ)f ′(ǫ), s′(0) = s,
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dr′(ǫ)
dǫ
= q′(ǫ), r′(0) = q. (103)
According to theorem 2, starting from any seed solutions of the cKdV system (25)-
(26), we can obtain infinitely many new solutions, especially interaction solutions among
different nonlinear excitations [25]. We will discuss it in another manuscript.
6.2. Ba¨cklund transformation theorem related to residual symmetry of the AB-KdV
system
Based on the known results of the cKdV system (25)-(26), we now consider the Ba¨cklund
transformation for the AB-KdV system (2).
By using v = u(−x,−t) in the cKdV equation (26), the solutions of the cKdV
system (25)-(26) may be changed to those of the AB-KdV (2) due to the PsTd symmetric
invariant of the AB-KdV equation (2). It is easily to verify the following Ba¨cklund
transformation theorem of the AB-KdV system (2) from the cKdV system.
Theorem 3 (Ba¨cklund transformation theorem for AB-KdV system (2)). If A is
solution of the AB-KdV system (2), f is a group invariant solution of the Shwarzian
KdV equation,
ft = −fxxx + 3
2
f 2xx
fx
+ λfx, (104)
and {s, q, r} are anti-symmetric (s(−x,−t) = −s(x, t), q(−x,−t) = −q(x, t),
r(−x,−t) = −r(x, t)) solutions of
qt =
1
2
ftx
fx
−
(
2rx +
1
3
λ
q
fx
)
fxx + 2rxxfx
+
2
3
λqx, (105)
qxx =
1
2
q
fxxx
fx
− 3
4
q
fxx
fx
2
+
qxfxx
fx
− 2rxfx
− 1
6
λq, (106)
rt =
3
2
rxfxxx
fx
− rxxx − 3
4
rxf
2
xx
f 2x
+
1
2
λ, (107)
sxx =
fxxsx
fx
+
(
1
2
fxxx
fx
− 3
4
f 2xx
f 2x
− 1
6
λ
)
s
+ 4fx(frx − qx), (108)
then
A′(ǫ) = −1
2
ǫ2f 2x
(1 + ǫf)2
+
1
2
ǫfxx
(1 + ǫf)
+ A, (109)
A′(ǫ) = −1
2
ǫ2f 2x
(1 + ǫf)2
+
1
2
ǫfxx
(1 + ǫf)
+
1
2
ǫ2s
(1 + ǫf)
+ ǫq + A, (110)
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are PsTd invariant solution and PsTd symmetry breaking solution of the AB-KdV
equation respectively.
Theorem 3 can be proved true by direct substituting (109) and (110) into the
AB-KdV system (2) using the Shwarzian KdV equation (104) and the anti-symmetric
solutions of (105)-(108).
7. Summary and discussion
In summary, a special AB-KdV system is directly obtained from KdV equation to
describe two-place physical events. The AB-KdV system possessing PsTd symmetry
means the AB-KdV system is invariant under the transformation {x → −x + x0, t →
−t + t0}. The AB-KdV system is nonlocal and it can be used to describe two-place
physical events.
We study the exact solutions of the AB-KdV system, including PsTd invariant
and PsTd symmetric breaking solutions with different methods. The PsTd invariant
solutions, such as multiple soliton solutions, symmetry reduction solutions are obtained
from the KdV equation by the PsTd principle. The PsTd symmetric breaking solutions
are obtained by the help of a coupled KdV system. The solutions, such as single soliton
solutions, singular soliton solutions show rich structures of the AB-KdV system. And
we believe the methods can be used to other AB systems.
Also, a special Ba¨cklund transformation related to residual symmetry is presented
via the localization of the residual symmetry to find interactive solutions between the
solitons and other types of the AB-KdV system.
Acknowledgements
The authors are indebt to thank Prof. Y. Chen and B. Li for their helpful discussions.
The work was supported by NNSFC (Nos. 11175092, 11435005 and 11675084), Ningbo
Natural Science Foundation (No. 2015A610159) and granted by the Opening Project of
Zhejiang Provincial Top Key Discipline of Physics Sciences in Ningbo University (No.
xkzwl1502). And the authors were sponsored by K. C. Wong Magna Fund in Ningbo
University.
[1] M. J. Ablowitzl and Z. H. Musslimani, Phys. Rev. Lett. 110, 064105 (2013).
[2] C. Q. Song, D. M. Xiao and Z. N. Zhu, Commun. Nonlinear. Sci. Numer. Simulat. 47, 1 (2017).
[3] M. J. Ablowitzl and Z. H. Musslimani, Nonlinearity 29, 915 (2016).
[4] J. L. Ji and Z. N. Zhu, Soliton solutions of an integrable nonlocal modified Korteweg-de Vries
equation through inverse scattering transform, arXiv: 1603.03994.nlin.SI (2016).
[5] M. J. Ablowitzl and Z. H. Musslimani, Phys. Rev. E 90, 032912 (2014).
[6] M. Dimakos and A. S. Fokas, J. Math. Phys. 54, 081504 (2014).
[7] A. S. Fokas, Phys. Rev. Lett. 96, 190201 (2006).
[8] A. S. Fokas, Nonlinearity 29, 319 (2016).
[9] C. M. Bender, Rep. Prog. Phys. 70, 947 (2007).
[10] K. G. Markis, R. Ei-Ganainy, D. N. Christodoulidues, and Z. H. Musslimanni, Phys. Rev. Lett.
100, 103904 (2008).
[11] C. M. Bender and S. P. Klevansky, Phys. Rev. Lett. 105, 031601 (2010).
20
[12] Z. Lin, J. Schindler, F. M. Ellis, and T. Kottos, Phys. Rev. A 85, 050101 (2012).
[13] T. A. Gadzhimuradov and A. M. Agalarov, Phys. Rev. A 93, 062124 (2016).
[14] S. Y. Lou, Alice-Bob systems, Ps − Td − C principles and multi-soliton solutions, arXiv: 1603.
03975v2. nlin. SI, (2016).
[15] S. Y. Lou, Alice-Bob Physics, coherent solutions of nonlocal KdV systems, arXiv: 1606. 03154v1.
nlin. SI, (2016).
[16] R. Hirota, Phys. Rev. Lett. 27, 1192 (1971).
[17] S. Y. Lou, Stud. Appl. Math., 134, 372 (2015).
[18] H B Lan and K L wang, J. Phys. A: Math. Gen., 23, 4097 (1990).
[19] S. Y. Lou and G. J. Ni, J. Math. Phys., 30,1614 (1989).
[20] S. Lie, Vorlesungen u¨ber Differentialgleichungen mit Bekannten Infinitesimalen Transformationen,
Teuber, Leipzig (1981) (1967 reprinted by Chelsea, New York)
[21] P. J. Olver, Applicaition of Lie Groups to Differential Equation, Graduate Texts in Mathematics,
2nd ed., Springer-Verlag, New York (1993).
[22] G. W. Bluman and S. Kumei, Symmetries and Differential Equation, Appl. Math. Sci., Springer-
Verlag, Berlin (1989).
[23] Gao X N, Lou S Y and Tang X Y, J. High Energy Phys. 30, 2201 (2013).
[24] C. L. Chen, S. Y. Lou, Commun. Theor. Phys. 61, 545 (2014).
[25] Y. Jin, M. Jia and S. Y. Lou, Commun. Theor. Phys. 58, 795 (2012).
